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The complexity of theoretical work in physics applications often forces severe neglections and
crude approximations. Insufficient experimental knowledge of important parameters increases the
uncertainty. In this situation the E-diagram method still allows to arrive at useful results through
controlled choice of the approximations and sensible limitation of the aims. Choosing “unidirec-
ted” deviations only, existence limits can be calculated which restrict the existence of the system
to a narrow region — the existence area — of the coordinate plane of variables under consideration.
The example of the vacuum arc cathode demonstrates the procedure and its suitablility.

Introduction

One can distinguish two basicely different types
of theoretical work:

The one concentrates on finding new concepts to
describe the results of experimental frontier re-
search.

The other considers within the range of well-
established physical laws phenomena of applied
physics which due to their complexity could not be
analysed yet.

The second type — the theory in the range of
applied physics — is our topic here. It confronts
the theoretician primarily with two tasks:

a) The comprehension and principal formulation
of the problem in full.

b) The construction and evaluation of a workable
model from this general description.

The solution of this task is frequently precluded
by the fact that the simplest realistic model is still
too complex for analytical or even numerical me-
thods and/or the various parameter entering the
description are insufficiently known from experi-
ment.

Under these circumstances it has become wide-
spread practice to disect the problem into indepen-
dent parts to use crude approximations and to take
a chance in picking values for the parameters from
the total information available.

This procedure has the drawback that the treat-
ment in parts looses all information which follows
from the interaction of the parts and that the un-
certainty of the crude approximations and the para-
meters is reflected in an uncertainty of the results.
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In this situation which occurs frequently in the
theory of applications the use of the E-diagram
can still yield useful and reliable information.

Concept of the E-Diagram

If one is forced to neglect terms in the model
which are relevant then one causes deviations from
the exact solution. If experimental parameters are
inaccurately known this too will result in deviations.
The effect of the superposition of these deviations
on the final result is usually as difficult to trace as
the solution of the rigorous model. Therefore it is
generally not considered. Consequently the results
present themselves with an unspecified uncertainty
which yields their value questionable.

Of course, a method — like the existence dia-
gram method — cannot get rid of these deviations.
But it can improve the situation by using the devia-
tions in a controlled form and restricting the eva-
luation to sensibly limited aspects.

In this spirit the E-diagram method suggests:
a) For each study we select from the set of vari-

ables {(,} which describe the system two of
particular interest (£, , ().

b) We do not aim to find the rigorous solution
Cas» Cvs (point of solution) but will be satisfied
if we can reliably restrict existence of our sys-
tem to a reasonbaly small region within the
(s, Cp)-plane. This region will be called exis-
tence region (E-region) or existence area (E-
area).

c) Such an E-region can be limited by displaced
solution characteristics (,,({;) which are dis-
placed due to neglections and parameter appro-
ximations chosen such that the deviations from

the true characteristics A%,, =C,, —{,, are posi-
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tive or negative semi definite. We call such de-
viations ‘“‘unidirected”.

d) The “existence area” provides us with a limited
but reliable information even for the case of
crude approximations. It presents this informa-
tion in a transparent graphical form. The size
of the E-area even for severe approximations
can be small enough to draw useful conclusions.

The next section describes these concepts in de-
tail.

Method of the E-Diagram
1. The Exact Solution

Suppose our problem can be described by a set
of N dependent variables {(;}, a set of indepen-
dent variables {&;} and a set of parameters {p;}
through a system of general operator equations

Q;(i, &i,pi) =0 (1)
with a set of boundary conditions
B;(Ci, &, pi) =0. (2)

If the set of operator Egs. (1) and boundary con-
ditions (2) is appropriate to describe our system
then it defines N solution functions

S; (i &iypi) =0 (3)

which define the values of the dependent variables
{¢;} as functions, of the independent variables {&;}
and the parameters { p,—} .

We now consider the presentation of the set of
{-functions in a N-dimensional {-space.

In this space a solution function S; determines a
(N —1)-dimensional hyperspace.

The intersection of any combination of (N —1)
of these hyperspaces determines a one dimensional
line (characteristic) in the (-space which passes
through the point of solution. According to the to-
tal number of possible combinations of the NV solu-
tion functions in groups to (N —1) we expect to
find N of these characteristics.

For practical applications it is of particular in-
terest to consider the projection of these characteris-
tics into a coordinate plan ({, , {},). Of course, these
projections will also be a system of N characteris-
tics * {,,({y) intersecting in one point — the pro-
jection of the point of solution (PS).

* The choice of the representation g, ({h) =Ca of course has
only reasons of convenience and means no preference for {5
in any way.
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As a basis of the following discussion this is
schematically demonstrated in Fig. 1 for the case
N =6 where — for the sake of simplicity — we
have chosen the (,,({y)-characteristics as straight
lines.

Ca

Fig. 1. Schematic presentation of linear characteristics
Ca="Ca» (lp) for the case of N=6 variables. PS projection of
the point of solution into the (s, {pb) plane.

The analytical presentation of these (,, (},) char-
acteristics follows through elimination of all depen-
dent variables except {,, {}, from a combination of

(N —1) S-functions.

2. The Approximate Solution

Deviations of the {,,({y)-characteristics are caus-
ed by

a) Insufficient knowledge of the experimentally
given parameters: 4p;.

b) Model assumptions in the operator equations
and boundary conditions (1,2): A4Q;; 4B;.

A given set of Ap; and 4Q;, AB; produces cor-
rections which displace the characteristic (») from
o ($p) to 4y (p). The displacement AL, = £y, (Cp)
—Ca (&) generally depends in sign and magnitude
on 2, B, AQ and A4B.

However, in many practical cases it is not diffi-
cult to choose on grounds of qualitative reasoning
all 4Q;, AB; andAp; so that for a given characteris-
tic (») the deviations 4¢,,({;,) are semi definite,
— positive or negative.

In other words we can choose for a given char-
acteristic (») our neglections and parameters such
that we can reliably state on what side of the dis--
placed characteristic the point of solution will be
found. Therefore such a displaced characteristic {y,
with “unidirected deviations” can be considered as
“existence limit”.
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Now it is easy to construct existence areas:
If we consider only one characteristic » =1 and
choose e. g.
A%a1 (L) >0 (4)
then te toal half plane below the existence limit
£.1(&y) is the existence area.

Ca

—0

Fig. 2. Example for a finite E-area in the case of two charac-
teristics (schematic).

A Dbetter result is already achieved if one con-
siders two characteristics (»=1, 2), e. g.

AL (8p) >05  AZ,0(8) <O

The existence area

(5)

Ea>Ca>Cas (6)

is for linear characteristics still an infinite sector.
For other characteristics it may be finite (see e. g.
the schematical presentation of Fig. 2 where for the

sake of simplicity we used
Al = +const; Ao =—const

so that the characteristics are shifted only but not
distorted) .

Fig. 3. E-area limited by three characteristics only in accord
with the example of Eq. (7).

For linear characteristics three limits are neces-
sary to produce a finite existence region. Figure 3
shows the case

AC:11<0; ACa3<0;
for the example of Fig. 1.

ACo6>0 (7)
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If we take more than three limits into account,
e. g. additionally

Al9>0; ALy>0; AL3>0 (8)

the existence area may be unaffected or further re-
duced depending on the circumstances (see e.g.
Figs. 4 and 5).

E-area

— 0
Fig. 5.

Figs. 4 and 5. Demonstration of the effect of the additional
characteristics on the limitation of the E-area of Fig. 3.

Fig. 4.

Trivially additional characteristics can never cause
an increase of the existence area.

Example of the Vacuum Are

As an example for practical demonstration we
choose the theory of the vacuum arc cathode.

The theory of the arc cathode is in general ex-
tremely complicated (Ref. !). There are at least
three model regions in strong interaction:

a) The electrode, b) The sheath, ¢) The plasma body.

In actual fact the electrode should be further sub-
divided into a molten and a solid region. There are
different types of sheathes, depending on whether
one studies space charge effects or kinetic models.
The plasma body in its full extension is composed
of different models depending on whether the Saha
equation is valid, the assumption of quasi neutrality
holds, etc.

Moreover the whole phenomenon is non-statio-
nary.

Essential simplification is achieved by the as-
sumption that the system of the electrode and the
plasma immediately in front of the cathode spot is
self-contained and stationary. This assumption is
corroborated by experimental evidence. The main
advantages are that we can use for the neutral par-

1 G. Ecker, Ergebn. exakt. Naturwiss. 33,1 [1961].
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ticle density in the plasma sphere the density given
by the vapour pressure of the electrode material at
the temperature of the electrode spot and that we
can calculate the conditions in the plasma from the
interaction within itself and with the electrode sur-
face only.

But even so the problem is not tractable. The
obstructing problems are:

@) The ion current from the plasma to the surface
of the electrode is uncertain due to the lack of
knowledge about the radial losses and the un-
certainty of the electron temperature which in
turn is a consequence of the uncertainty of the
energy balance in the plasma.

f) The extension of the electrode sheath is an un-
known quantity. It may be replaced by the value
of the potential fall across the sheath (U.), but
this too is an uncertain figure.

7) Due to the assumption of self-containment it is
very difficult to find information about the eva-
poration rate of the neutrals from the electrode
surface since this would require knowlede of the
distribution of the particle density throughout
the whole plasma body.

0) The energy balance in the cathode, particularly
in the cathode spot, is the worst problem of
them all. Even with modern computer technique
it is impossible to solve for the temperature dis-
tribution in the electrode under the influence of
the ion bombardment, the evaporation from the
surface, the heat conduction from a circular
area into the electrode, the heat loss due to melt-
ing at the surface, etc.

Nevertheless, in this desperate situation the exis-
tence diagram yields useful information.

From the large number of dependent variables
describing the vacuum cathode, the temperature in
the electrode cathode spot (T') and the current den-
sity (j) are those of predominating experimental
and theoretical interest. We therefore choose a pre-
sentation of our problem in the (7 —j)-plane.

We further choose three characteristics. The first
is determined through the law of charge conserva-
tion, the second is related to the law of neutral par-
ticle conservation and the third formulates the total
energy balance.

2 E. L. MurprHY and R. H. Goop, Jr., Phys. Rev. 102, 1464
[1956].
3 S.S. MACKEOWN, Phys. Rev. 34, 611 [1929].
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We can here only scetch the analysis:
In the case of the charge conservation we use the
current continuity relation

j=je(EcsT) +j+ (10)

where j, and j, designate respectively the ion cur-
rent density from the plasma and the electron emis-
sion from the cathode surface. E, is the electric field
at the cathode surface. T' is the temperature of the
cathode spot at the electrode surface.

The emission current density j, can be evaluated
with the knowledge of 7, E. and the work function
@ via the emission probability and the supply func-
tion (Ref. 2).

The electric field £, follows from the current den-
sity and the cathode drop U, through the McCKEOwWN
equation (Ref. 3).

st v (32" -5

In the spirit of our E-diagram technique we choose
the value U, such that the corresponding character-
istic T () is shifted to lower values of T'.

The value of the ion current density j. is pre-
scribed by the qualities in the plasma which are dif-
ficult to calculate correctly. It is however not diffi-
cult to make a reliable estimate (Ref. 4) which shows
that

(11)

]+/]§ Uc/(Uc+Ui) (12)

holds. The (<)-sign again shifts the characteristic
T..(j) to lower values of 7.

From (10), (11) and (12) — using the (=)-
sign in the latter — we calculate T.. shown in Fig. 6
for the example of copper.

We know little about the neutral particle balance
and in fact within our model cannot calculate this
balance. But there is a simple reliable requirement
which we can use for the calculation of a corre-
sponding existence limit (Ref. ?). The requirement
reads

; e Pl
I+ = "4 (m, kT[3) ()
where pey (T) designates the vapour pressure of the
electrode material at the temperature 7. It states
that the number of ions going back to the cathode

surface must be smaller then the number of neutrals

4 G. EckEr, G. E.-R & D-Report No. 70 - C 213 [1970].
5 T.H.LEE and A. GREENWOOD, J. Appl. Phys. 32, 916 [1961].
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evaporated from the cathode surface, — a fact which
is selfevident for a vacuum arc.

Evaluating this Eq. (13) together with Eqgs. (10)
and (11) engaging the (=)-sign in Eq. (13) we
find another limit Tnc(j) which according to the
(<)-sign in Eq. (13) is shifted to lower values of
the temperature. It too is shown in Fig. 6 for cop-
per.

For the third existence limit T.. we use the en-
ergy balance in a crude approximation. We neglect
all loss processes like heat conduction, latent heat
of melting, etc. except the energy taken away by
evaporation and electron emission from the metal.
Furthermore we choose the energy gain provided
by the ion bombardment and the energy created by
Joule’s heating to the larger side. In general we
dispose of all approximations and parameter values
so that we increase the temperature compared to
reality Teo(j) >Tec(j). The basic formula is then
for the calculation of the corresponding limit

. i v (7, Tec 031 ..y,
iU+ ) Lelee) gy Z2 (D)

_ & Pcv(_?cc) B
4 (my kTec/3)":

(14)

where ¢ is the specific resistivity, ¢ the evaporation
energy and U; the ionization potential. The evalua-
tion of this formula simultaneously with Egs. (10)
and (11) provides us with the limit T, of Fig. 6

which according to our assumptions is shifted to
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higher values of temperature. Due to the resistive
heating effects this energy limit depends — in prin-
ciple — on the total current. However, for copper
the effect of resistivity is negligible in the range
1 <200 A (I total spot current) and we restrict
ourselves in Fig. 6 to this low current range.

T

Fig. 6. Practical example of the existence diagram for the
vacuum arc copper cathode. T temperature, j current density
in the spot at the cathode surface.

In spite of the fact that the very complex situation
in the vacuum arc cathode forced us to introduce
severe approximations we see from Fig. 6 that the
result described by the three existence limits offers
an existence area which is quite small. An area
which in fact is sufficiently small to allow conclu-
sions with respect to current density and tempera-
ture which are theoretically and experimentally
valuable and probably not less accurate then the
experimental informations available for compari-
son.



